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The purpose of this paper is to give a completely general Dehn surgery formula for the q-invariant of hyperbolic 
3-manifolds. Such a formula, combined with others, makes the q-invariant and the (modZ) Chern-Simons 
invariant almost as computable as the volume for hyperbolic 3-manifolds. Copyright 0 1996 Elsevier Science Ltd 
1. INTRODUCTION 
Let M be an oriented complete hyperbolic 3-manifold of finite volume with h cusps. Denote 
(P, q) = h41; *** ; Ph, qh) where (Pk, qk) is a pair Of COpIiI’fIe integers for each 1 G k < h. Let 
M(p, q) be the result of (pk, q,)-Dehn surgery with respect o a fixed meridian-longitude pair 
on each cusp. By Thurston’s hyperbolic Dehn-surgery theorem Cl], if we exclude finitely 
many surgeries at each cusp, then all the resulting manifolds will have a hyperbolic 
structure. 
In [Z], Thurston speculated a complex analytic relation between the volume and the 
Chern-Simons invariant (a mod Z reduction of the q-invariant) for hyperbolic 3-manifolds. 
An explicit conjecture was formulated by Neumann and Zagier in [3] and later proved by 
Yoshida in [4]. As such, q(M(p, q)) can be expressed in terms of the imaginary part of an 
analytic function defined on the hyperbolic Dehn surgery space and some extra terms 
associated with various frame fields. However, the arbitrary choices of the frame fields 
involved make the formula difficult to apply in practice. For M equal to the figure-eight 
knot complement in S3, Yoshida came out with a computable formula without involving 
the extra structure. A similar formula was later obtained by the author in [S] for an 
arbitrary hyperbolic knot complement. If M has more than one cusp, Meyerhoff and 
Neumann in [6] proved that a formula of the same nature holds under the assumption that 
pf -t 4; -+ cc for each 1 < k < h. In this paper, we show that their formula is true for all 
hyperbolic Dehn surgeries. Our basic result reads as follows. 
THEOREM 1.1. Fix a meridian-longitude pair (mk, Ik) CIC each cusp. Then for every hyper- 
bolic (p, q)-Dehn surgery with pk # 0, 
?(M(P, q)) = $m(f(u(P9 q))) - kil (& Im(vk) - 4hk, Pk) + $ 
> 
- sign(Y(p9 9)). 
Here f (u) is, up to a constant, the complex analytic function on the hyperbolic Dehn surgery 
space that appeared in [4, 61. vk is the logarithm of the holonomy of lk which is complex 
analytic on the Dehn surgery space and s(q, p) is the classical Dedekind sum defined by 
Sk, P) = &$’ 
I 1 
cot (F)cot(T) if p > 0 
Sk, f-4 = s(--q, -p) if p < 0. 
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DjcS1 M Ds( S’ M(pt q)xl Y(p.q) 
-- - 
Fig. 1. 
Y (p, q) is the 4-manifold obtained by pasting (the lens space L(p,, qJ) x (the unit interval I) to 
M(p, q) x Z along the copy of(D2 x S1)kfor k = 1, . . . , h as in Fig. 1. Its signature sign( Y(p, (1)) 
can be computed explicitly from Wall’s nonadditivity formula [7] and depends only on 
ker(H1(cusps; Q) +H1(M; Q)) and the elements II, . . . ,l,,, plml + qlll, . . . ,phrnb + qhb of 
HI (cusps). 
An alternative formula will be given in the final remark if pk = 0 for some 1 < k 6 h. 
Suppose that M has an ideal triangulation M = A(zy)u ... uA(zt) where each A(zT) is 
an ideal tetrahedron described by a complex parameter zy after choosing an edge for each 
A(zy). Denote 
z0 = (logz?, . . . ) log z,o, log( 1 - z?), . . . , log( 1 - z.“)). 
Then z” is determined by the consistency and cusp relations in the form 
z”U = xid 
where U is an integer 2n x (n + 2h) matrix and d = (d,, . . . , d, + 2h) is some integer vector (see 
[S] for example). Let c = (c;, . . . , ck, c;l, . . . ,cf) be a solution to the equation 
cU=d. 
Denote u = (z 1, . . . ,z.) and MU = A(z,)u ... uA(z”). If the metric completion of M, is the 
result of a hyperbolic (p, q)-Dehn surgery on M, then, as in [8], the analytic function is 
computed as 
f(#@,p))=a-5.8 (R(Zj)~~(~lOg(l~Zj)~~lOgZj) 
J 1 > 
where a is a constant depending on the choice of the solution c and combinatorics of the 
triangulation. R(z) is the Rogers dilogarithm function defined by 
R(z) = ;log(z)log(l - z) - 
s 
z 
lo&l - t)dlogt 
0 
with log the standard branch on C - (- co, 0] and 3 (resp. q) the complex conjugate of 
c> (resp. cy). 
Combining it with Theorem 1.1, we obtain the following simplicial formula: 
q(M(p, q)) = C - $Im i 
j=l 
iR(zj) + ;(qlog(l - Zj) - Flog Zj) 
Im(uk) + i 4s(qk9 pk) - g - skn(Y(p, q)). 
k=l > 
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Remarks. 1. The constant C in the above formula can be determined via a “boot- 
strapping” procedure, using surgery relations discovered among hyperbolic 3-manifolds. 
For instance, let F, W and B be, respectively, the complement of the figure-eight knot, the 
Whitehead link and the Borromean rings. We have B((1, -l), (PI, ql), (pZ, q2)) = W((p,, ql), 
(p2, q2)) and W (( 1, l), (p, q)) = F( p, q). Since there is an orientation-reversing isometry on F, 
the constant C for F can be computed from the fact that (p, q)- and (p, - q)-surgery ield the 
same manifold with the opposite orientation. Thus the constant for W and B can be 
determined. 
2. If A4 is the complement of a knot or a link whose components have pairwise linking 
number zero and if one chooses the mk and lk to be the topological meridians and longitudes 
for the link components, then sign( Y (p, q)) = 0. 
As shown in [93, the Chern-Simons invariant of a closed, oriented Riemannian 3- 
manifold X can be computed as 
CS(X) = $r(X) + +a(X) (mod Z) 
where a(X) is the number of 2-primary summands in H1(X; Z). 
For each 1 6 k < h, choose rk and .!$ such that p‘& - qkrk = 1, qk + rk iS Well and Sk iS 
odd when Pk is even. Then, as in [lo], we have 
&(q,, &) - $ = - $ (mod z). 
k k 
Thus we obtain the following simplicial formula for the (mod Z) Chern-Simons 
invariant: 
CS(M(R,q)) =iC-$Im i 
j=l 
iR(Zj) +i(<log(l -zj)-TlOgzj) 
> 
- 
> 
- $gn(Y(p, 4) + ~(M(P, 0)) (mod Z). 
The mod 4 reduction of the above formula is that given by Neumann in [S]. 
The remainder of the paper is organized as follows. In Section 2, we review Yoshida’s 
formula for r,Q4(p, q)). We reduce the main theorem to some purely topological calculations 
in Section 3 and then carry out the computations in Section 4. 
2. YOSHIDA’S FORMULA FOR r/(&f@, Q)) 
Let M be an oriented complete hyperbolic 3-manifold of finite volume with h cusps. Let 
_5? be a link in M. An orthonormal framing 9 = (el, e2, e3) on A4 - _!? is said to have 
a special singularity at Y if it has the following local structure near each component K 
of _5?: 
(a) vector e1 is tangent to K in the limit; 
(b) vectors e2, e3 determine an index f 1 singularity in a small disk transverse 
to K. 
A singular framing is called simple in a horoball neighborhood of a cusp if the e,-vectors 
are perpendicular to the horospheres and point outwards, and the el-, e2-vector fields are 
homotopic to two parallel vector fields on the horospheres. 
As shown in [4], there exist a link L = UKd c M and an orthonormal framing a on 
M -- L such that a has a special singularity at L and is simple in a horoball neighborhood of 
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each cusp. Denote by M, the deformed hyperbolic structure on M parametrized by u whose 
metric completion is the result of a hyperbolic (p, q)-Dehn surgery on M. Let ck(p, q) 
(1 6 k < h) be the geodesic cores of the Dehn filling in M(p, q) and denote 
L = Uk(ck(p, q))uL. On M, - L = M(p, q) - z, we have CI,, the orthonormalization of 
c1 with respect o the hyperbolic metric on M(p, q). Let /3(p, q) be an orthonormal framing on 
M(p, q) whose first component is tangent o L and agrees with the first component of a, near 
z. Then the difference between a, and fi(p, q) defines a map from M(p, q) - L to SO(3). Since 
these two framings differ by an element of SO(2) near L, we obtain a difference degree 
d(a,, /?(p, q)) as an element in H3(S0(3), SO(2); Z) r Z. 
Let X be a closed, oriented 3-manifold which bounds a 4-manifold Y. Let f be a stable 
framing on X, i.e., a trivialization of TX @ 1 = TY Ix. Such a trivialization is equivalent o 
representing T Y as a pull-back of a bundle 5 over Y/X under the canonical map Y + Y/X. 
The Hirzebruch d-invariant of X with respect o the stable framing f is defined by 
6(X, f) = $@I(& CY, W> - sign(Y). 
Choose a framing rc on a neighborhood of each component Kd of LCM such that 
its first component is tangent to Kd and has the same direction as that of a near &. 
Denote by rc, the orthonormalization of rc with respect o the hyperbolic metric on M, and 
by r(&, K,) the torsion of K,, with respect to the framing rc,. For a different choice of 
framing, the torsion changes by a multiple of 27r, so there is a well-defined torsion r(&) 
mod 2n. 
As shown in [4], there exists an analytic functionf(u)’ on the hyperbolic Dehn surgery 
space depending on the choices of au, K, and L such that 
Wlu(p, @)I = -$VOW(P~ 4) + & f: LengWk(pT cr)) 
k-l 
and 
Imf(u(P, q))I = 2CS(M(P, q)) + & f: z(ck(P, 4)) (mod Z). 
k-l 
It differs only by an integral multiple of i when different choices of a,, K, and L are made. 
The q-invariant of M(p, q) is computed as 
rlW(p, 9) = ~NB44 @)I - & i: z(ck(P, q), /% q)) + i&au9 N-4 4)) 
k-l 
3. A REDUCTION 
In this section, we separate the geometric terms from the topological ones in (1) and 
compare the formula with that of Meyerhoff and Neumann to reduce the proof for the main 
theorem to some purely topological calculations. 
Let (x, y, t) by the coordinate of D2 x S’ defined by z1 = x f iy, z2 = eit with x, yeR, 
x2 + y2 < 1 and 0 < t < 271. Let [ = (a/&, a/ax, alay) be the standard framing on D2 x S’. 
Choose tW0 integers rk and sk for each 1 < k < h such that P@k - qkrk = 1 and 0 < r&k < 1. 
Identify each filled-in solid torus in M(p, q) with 0’ x S’. Denote by 6. = ((c,Jl, (5J2, (&) 
the orthonormalization of 5 with respect o the hyperbolic metric on M(p, q). 
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On each ck(p, q), we have 
where &: ck(p, q) + R/27rZ is a smooth map. Then as in [4, 51, 
r(%(P, q), fl(P, 9)) = r(%(P> Q), k) + 2xtik(P, 9) 
= rk Im@k) + Sk Imbk) + 2~~k(Pp 9) 
= ? + iIm(uk) + 2n4k(p, q) 
where 4k(P, Q) = - W7&(p, q) d’$k E z. 
Also, on each component Kd of L, 
((K”)l, (r& @“)g) = (!L B% 83) [Lsos;;;; 
for some smooth map rjd : Kd + R/27cZ. Thus we have 
r(L B(P, 0) = r(L K”) + 27c$d(P, 0 
with t,bd(p, q)= - 1/27cIK, dJlde Z. 
By substituting (2) and (3) into (l), we obtain 
(2) 
(3) 
& kiI Imtuk) + :d(auy fib q)) 
+ 6(M(p~ 91, /%v (1)) - k;, 7 pk + 4k(P, q) 
* ‘(” > d 
- ;z +d(P, 9). t4) 
On the other hand, Meyerhoff and Neumann in [6] proved that for each pi’ + 4; 
sufficiently large, 
?(“(p9 9)) = f Irn (_f@@? q))) - k$l & Irntuk) 
h 
+ c 
k=l 
Thus, for each pj” + qj2 sufficiently large, by comparing (4) and (5) we obtain 
5d(..9 HP, 4)) + WWPV Q), B(PY s)) 
= i (4s(qkdk)-~ + $kb d ) + +I tid(& 9) - sign(Y(p? d) + C(M). (6) 
k=l d 
(Notice that f(u) and f(u)’ differ by a constant C(M) depending only on the initial data 
on M.) 
By the above discussion, Theorem 1.1 is equivalent o the following: 
THEOREM 3.1. (6) is valid for every hyperbolic surgery. 
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4. PROOF OF THEOREM 3.1. 
Step 1. Transforms to large surgeries. Let I be a positive integer. Denote 
and 
(7) 
Then we have 
and 
(P:)~ + (qp)2 >, (pi)” = ((41 + 1)~; + 2r;)2 = (P;)~ 41 + 1 + ( 
By choosing 1 sufficiently large we can have (6) valid for both (p’, q’) = (pi, q;; . . . ; p;l, qj,) 
and (p”, q”) = (py, q;1; . . . ;pi, qi) surgery. 
Step 2. &Invariant computations. Let (t&.&.) (1 < k < h) be the meridian-longitude 
pair of each filled-in solid torus in M(p, q). Since [S’, SO(3)] g 7c1(S0(3)) = Z2, there are 
two different framings up to homotopy on each mk and Lk. The restriction of /_?(p, q) on 
lfik = Pkmk + qkLk (resp.ik = rkmk + s&k) is determined by the parity of an integer ,& (resp. vk) 
which is the number of the full twists of /?(p, q) along fi,& (resp. ik). 
Let (ri&,Q) (1 < k < h) be the meridian-longitude pair of each filled-in solid torus 
in M(p’, q’). Then we have ri$ = (4A + l)tik + 2ik and Tk = 211& + ik. Since 
PU; = (41 + I),& + 2vk (reps. vi = 2& + vk) and Pk (resp. vk) have the same parity, the 
restriction of /?(p, q) on A4 extends to a framing on M(p’, q’). Denote by fl(p’, q’) the 
orthonormalization of the framing with respect o the hyperbolic metric on M(p’, q’). As in 
[4], deforming it by homotopy if necessary, we can assume that the first component of 
b(p’, q’) is tangent o p = uk(ck(p’, q’))uL and agrees with that of a,, near L’ where u’ is the 
parameter corresponding to the (p’, q’)-surgery. 
Let N be the 4-manifold obtained by passing M(p, q) x I to M(p’, q’) x Z along the copy 
of M as shown in Fig. 2. We need to smooth the corners in the boundary of N. This can be 
done by peeling off a collar of each L(41 + 1,2). 
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There exists a natural framing B on N such that 
9 IM(p, q) = B(P, q) 0 1 
and 
9 IM(p: q’) = B(P’, q’) 0 1. 
The restriction of 9 on each smoothed boundary component L(4h + 1,2) gives rise to 
a stable framing f, there. Thus we have 
&M(P, q), B(P, 4)) - i d(L(41 + 1,2), fk) - ~(M(P’, q’), B(P’, q’)) = &dCN) - s&WV 
k=l 
(9) 
where pl([N]) is the relative Pontryagin number with respect to the framing 9 lahr and 
sign(N) is the signature of the 4-manifold N. Since N is framed by 9, p1 ([N]) = 0. Thus (7) 
implies that 
UQ, q), B(P, 9)) = i h&(42 + L2), fk) + &M(P’, q’), 8(P’, q’)) - sign(N). (10) 
k=l 
Similarly, let N’ be the 4-manifold obtained by passing M(p’, q’) x I to M(p”, q”) x I 
along the copy of A4 as in Fig. 3. We smooth the corners of cYN’ as in N. 
Write M(p’, q’) = hfu(&(T’ x &) yts(uk(D2 x s’),). Homotopy the framing b(p’, q’) 
on each (T2 x I)h such that the number of the full twists of the resulting framing along 
ti; and g agrees with that of B(p, q) along mk and&, respectively. By extending the resulting 
framing to M(p’, q’) and orthonormalizing it with respect to the hyperbolic metric on 
WP’, q’), we obtain a new framing fl(p’, q’) on M(p’, q’). ‘Similarly, denote 
M(p”, 4”) = kfU(Uk(T2 x I)h q,,(uk(D2 x S’),). By applying the same homotopy, extending 
and orthonormalizing as in M(p’, q’), we obtain a new framing B(p”, q”) on M(p”, q”). Thus, 
&I’, q’) and B(p”, q”) . d m uce a framing 9’ on N’. By the construction, the restriction of 9’ 
on each smoothed L(41 + 1,2) gives the stable framing fk. Following the same argument as 
in N, we get 
&M(P’, q’), fi(P’, q’)) = i 6(L(4A + 1, 2), fk) + ~(M(p”, q”), 8(P”, q”)) - sign(l\r’)- (11) 
k=l 
Step 3. Signature computations. We first review Wall’s nonadditivity formula for 
signature. 
M (p’s q3 M fp’,q’) 
Ds( S1 M (P’tq’)* * 
D2x S’ T % S’ M T 2x S’ D% S’ 
M(p”, q “)x I 
M( p”,q”l 
Wp”,q “) 
Fig. 3. 
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Fig. 4. 
Suppose that a 4-manifold Y is obtained by gluing two 4-manifolds Pi and Y2 along 
a codimension-zero submanifold X,, of their boundaries as in 
Let 8Yl = Xl Q X,, and aY, = XZ Q X,. Denote 
Ki = ker(H,(Z; R) + Hl(Xi; R)) 
for i = 0, 1, 2. On the vector space K&K1 + K2), define the 
00, yo) = Xo*Y1 
Fig. 4. 
bilinear form 
where y1 EKE is chosen so that y, + y1 l KZ and (.) denotes the intersection number in 
Hi(Z; R). As shown in [7], b induces a nonsingular symmetric form 6 on the quotient 
Ko@, + K,) 
KonKl + KonKz 
and 
sign(Y) = sign(Yi) + sign(Y,) - sign(E). (12) 
To compute sign(N), let nl, . . . , nh be a basis for ker(Hl (cusps; R) + HI (M; R)). Then we 
have 
nk = aklml + bklll +  “. +  akhmh + bkhlh 
= akl(plml + 41~1) + ..’ + akktphmh + qhlh) 
+  bkl(Piml + did + ... +  bkh(Pbh + dlh) 
for SOIlle aki, pki, ski and bki E Q with 1 < k, i < h. 
It follows that 
aijpj + bijpJ = Uij, aijqj + bijq> = fiij 
and thus 
Uij = Ctijq; - fiijpi, bij = aijqj - flijpj. 
Let 6 be the bilinear form that appears in Wall’s nonadditivity formula for sign(N). Then 
6(ni, nj) = (bil(p;mi -i- q;Ii) + ... + htt(Pbmh -I- qbld 
*(- ajl(Plml + dd - “’ - bjh(Pn% + qhlh)) 
= bilajl(P;ql - dd’1) + ‘** + bihajh(pbqh - d#h) 
= - 2bilajl - ..’ - 2bihUjh. 
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Since sign(Y(p, (1) x I) = sign(Y(p’, q’) x I) = 0, (12) implies that 
sign(N) = - sign(C&ni, nj)lhxn) = sign(Cbijl)h.hCaijlXxh). 
When 1 is sufficiently large, 
aij = CtijqJ - fiijp> = Uij((4A + l)qj + 2Sj) - fiij((41 + 1)pj + 2rj) 
X (41 + l)(OZ{jqj - fiijpj) = (41 + 1)bij. 
Thus, 
- 
[b(ni, nj)lhx h z - (4A + l)[bijlh x h [bijlx x h * 
Denote by 8’ the bilinear form for sign(N). Then following exactly the same argument 
we get 
[@C&v nj)lh x h z -(41 + 1)3[bijlhxh[bijlixh. 
Since z is nonsingular, [bij]h x h (and h enCe [bij]h x h[bij]i x h) k dS0 nOnSingUlar. Thus by 
taking i sufficiently large, we have 
sign(N) = sign(N) = - Sign([bij]h.h[bij]Xxh). 
To compare sign( Y (p, q)), sign( Y (p’, q’)) and sign( Y (p”, q”)), let 
nk = ckl(plml + qlb) + “’ + ckh(phmh + %lh) + dklll + “’ + dkhh 
= cLl(p;ml + qil,) + ... + &(p;mh + &lh) + &lI + “’ + d;h, 
= c&(p;‘mI + q;‘l,) + ... + cih(pimh + ~$1~) + d&l1 + ... + d&lh 
for some ckt, dkt, CL,, d;,, cy* and &t E Q with k, t = 1, . . . , h. Thus (12) yields 
sign(Y(P, Q)) = - sign(CciIdjrpl + ... + CihdjhPhIhxh), 
sign(Y (p’, 4’)) = - sign([cl,d(ilp’r + ... + C;/,d;kp;]hx h) 
and 
sign( Y (p”, q”)) = - sign([c:;d(i;p;l + * 3. + C;;ld;kp;l]h x h). 
Furthermore, the matrices on the right-hand sides of the three equations are nonsingular 
since their corresponding bilinear forms are all nonsingular. 
When A is sufficiently large, c:k Z cik/n, djj z dij and &/A, dii w d:j. It fOllOWS that 
C;kd;kp;: W Cikd(ikp; Z Cikdjkpk and sign( Y (p”, q”)) = sign( Y (p’, q’)) = sign( Y (p, 4)). 
Step 4. Dedekind sum computations. Choose 
If gcd(p, A,) = 1, then we have 
gcd(&p + &r, A,) = gcd(l,p + &r, p) = 1. 
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Since P&q + &s) E &(mod(l,P + &r)), by the Rademacher eciprocity law for the gener- 
alized Dedekind sum (see [ll], for instance), we have 
s(q’, P’) = s&q + &s, LIP + 124 = G2, Pi &P + 121) 
= (AP + 12+ + A5 + P2 - 3(&P + ~2W2P 
12(&P + 1279 
- 44P + 12e, Pi 12) - 4&P + n2e, 12; PI 
= (4~ + l2r)2 + AZ + P2 - 3(&P + A2r)A2p _ S(ll n2) _ S(r 
12(&P + 12r)l2p 
, 3 
p) 
=(~-f)+(~-~)-S(il,i2)+s(q,P). (13) 
If gcd(q, 1,) = 1 instead, then one shows that (13) is still valid by applying the Dedekind 
reciprocity law. 
Thus for each 1 < k 6 h, we have, from (7), (8) and (13) 
+ s(qk, pk) 
and 
A-1 q: - ri 4; - r; s(q;,p;‘)=6+ ~-- 
( 12p;: I2PL > 
+ s(& Pi). 
(14) 
(15) 
It follows from (14) and (15) that 
2 4S(q;, p;) - 9) - (4S(q;, p;l’) - v) = h(q,, pk) - 7. (16) 
Step 5. Completing the proof: As before, denote by u, u’ and U” the parameters represent- 
ing the (p, q)-, (p’, q’)- and (p”, q”)-surgery, respectively. Then, up to orthonormalizations, we 
have j?(p, q)IM = fl(p’, q’)lu and a, = CC,, on M. Thus 
d(B(p, q), a,) = d(B(p’, q’), a,,). 
Similarly, 
We have also 
d(8(p’, q’), CL,) = d(B(p”, q”), CL,,). 
tiI(p”, q”) = +d(P’> 4’) = $d(k e), 
6kk(P”? a”) = 4k(p’? q’) and $k(P’, q’) = 4k(P9 9). 
By applying (6) to M(p’, q’) and M(p”, q”), and utilizing (lo), (11) and (16), we obtain 
&M(P, 91, HP, 9)) = WWp’, $1, P(P’, 4’)) - @M(P”, 0, B(P”, q”)) + G,snW) 
+ WWp’, $1, B(p’, q’)) - s&W’) 
= - ;W,, Bh, q)) + ; 4s(qk, pk) - y + f 4k(P, 9) 
k=l k 
+ ;c tid(P, 9) - sign(Y(p, 4)) + WO 
d 
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This completes the proof for Theorem 3.1. Q.E.D. 
Final remark. In the formula (5) of Section 3, one can replace the term 
1 
-Im(uk) - 4s(q 
67vk 
p ) + -% k> k 
3Pk 
1 
__ 
6Wk 
Im(uk) + 4s(p q ) - Pk + 1 k, k 
%k ’ 
Following the same argument, one shows that the alternative formula is also valid for every 
hyperbolic surgery with qk # 0. 
Thus, if pk = 0 for some k, then qk = f 1 and the term 
1 
-Im(uk) - %k? Pk) + qk 
6nPk 3Pk 
in our formula for q(M(p, q)) can be replaced by 
1 Im(uk) + 4s(p q ) - Pk + 1 = - ’ _- 
6% 
k, k 
3qk 
-h(uk) + 1. 
6Vk 
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